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Abst rac t - -The  time fractional diffusion-wave equation is obtained from the classical diffusion 
or wave equation by replacing the first- or second-order time derivative by a fractional derivative 
of order 2~ with 0 < ~ < 1/2 or 1/2 < ~ < 1, respectively. Using the method of the Laplace 
transform, it is shown that the fundamental solutions of the basic Cauchy and Signalling problems 
can be expressed in terms of an auxiliary function M(z; ~), where z = Ixl/t~ is the similarity variable. 
Such function is proved to be an entire function of Wright type. 
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1. INTRODUCTION 
The purpose of this note is to provide the fundamental  solutions of the basic Cauchy and Sig- 
nalling problems for the evolution equation 
G92~u 02u 
Or2---- K = D Ox 2, 0<~_<1,  D>0.  (1.1) 
Here x and t are the space-t ime variables, and u = u(x, t; ~) is the field variable, which is assumed 
to be a causal function of t ime, i.e., vanishing for t < 0. 
The t ime derivative of (real) order a = 2~ denotes a generalized erivative defined in the 
so-called Riemann-Liouville fractional calculus. For more details, we refer to the special ized 
treat ises where mathemat ica l  aspects and appl icat ions of the fractional calculus are extensively 
discussed [1-8]. Here we adopt  the following definition for the fractional derivative of arbitrary 
order a > 0 of a causal function f(t) (see [4]): 
da ~ f(n)(t)' /o i f a=ncN~ 
dtc, f ( t ) :=  1 t f(n)(T) {1.2) 
r(n--- a) (t - T) a+l -n  tiT, if n - 1 < c~ < n, 
where f(n)(t) denotes the ord inary derivative of order n and F is the Gamma function. 
We are going to apply  the technique of the Laplace transform, and let us recall the following 
fundamental  formula, proved in [4], 
£~ -~f ( t )  =s  a I ( s ) -  sa-i-kf(k)(O+), n- - l<a<n,  neN.  (1.3) 
k=0 
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In the problems considered here, we have n = 1 when 0 </3 _< 1/2, and n = 2 when 1/2 </3 < 1. 
Consequently, equation (1.1) will be considered as a fractional diffusion equation in the former 
case, while as a fractional wave equation in the latter. In the general case 0 </3 _< 1, we agree 
to refer to equation (1.1) as the fractional diffusion-wave equation (FDWE). 
The fractional diffusion equation has been explicitly introduced in physics by Nigmatullin [9] 
to describe diffusion in media with fractal geometry (special types of porous media). Recently, 
the author [10] has pointed out that the fractional wave equation governs the propagation of me- 
chanical diffusive waves in viscoelastic media which exhibit a power-law creep, and consequently 
has provided a physical interpretation of (1.1) in the framework of dynamic viscoelasticity. Of 
course, anytime some hereditary mechanisms of power-law type are present in diffusion or wave 
phenomena, the appearance of fractional derivatives in time is expected. 
We would like to mention that some treatments of mathematical relevance for equation (1.1) 
are found in the literature; in this respect we refer, for example, to the works by Wyss [11] and 
Schneider and Wyss [12], who have used Mellin transforms and Fox H functions, and those by 
Kochubei [13,14], who has used semigroup theory in Banach spaces. However, because of their 
high level of generality, these treatments seem not easy for application. On the base of our 
preliminary work [15,16], here we introduce an alternative and simpler mathematical pproach 
using the well known technique of the Laplace transform, which allows us to obtain the funda- 
mental solutions of the FDWE from an auxiliary function of a single variable M(z;/3), where 
z = [x[/(v/-Dt #) is the similarity variable. 
2. STATEMENT OF  THE PROBLEMS 
As is well known, the two basic problems for both diffusion equation and wave equation are 
referred to as the Cauchy problem and the Signalling problem. The Cauchy problem is an initial- 
value problem (IVP) when the data are assigned at t = 0 + on the space axis -cx~ < x < 
+oo. The Signalling problem, considered in the domain x, t _> 0, is an initial boundary-value 
problem (IBVP) when the data are assigned both at t = 0 + on the semi-infinite space axis x > 0 
(initial data) and at x = 0 + on the semi-infinite time axis t :> 0 (boundary data); here, the initial 
data are assumed to be vanishing. 
Extending the classical analysis to our FDWE (1.1), and denoting by g(x) and h(t) two given, 
sufficiently well-behaved functions, the basic problems are thus formulated as follows: 
(a) Cauchy problem 
u (x,0+;/3) =g(x), - oo < x < +oo, (2.1) 
u(=t:oo, t;/3) = 0, t > 0; (2.2) 
(b) Signalling problem 
u (x,0+;/3) = 0, x > 0, (2.3) 
u (0 +, t;/3) = h(t), u(+oo, t;/3) = 0, t > 0. (2.4) 
If 1/2 < /3 < 1, we must add in (2.1) and (2.3) the initial values of the first time derivative 
of the field variable ut(x, 0+; /3), since in this case (1.1) turns out to be an integro-differential 
equation of the second order in time, and consequently, two linearly independent solutions are to 
be determined. However, to ensure the continuous dependence of our solution on the parameter 
/:7 (0 < /3 < 1) also in the transition from /3 = (1/2)- to /3 -- (1/2) +, we agree to assume 
ut(x, 0+;/3) = 0. 
For both problems it is convenient to introduce the corresponding Green functions Go(x, t;/3) 
and Gs(x, t;/3), which represent the so-called fundamental solutions, obtained when g(x) = ~f(x) 
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As a consequence, the solutions of the two basic problems are and h(t) = df(t), respectively. 
obtained by a space or time convolution, as follows: 
u( x, t; j3) =/+~ Gc( ~, t; 1~) g( x - ~ ) d~, (2.5) 
u(x,t;•) = ~8(x,r ; l~)h(t-  ~')dr. (2.6) 
It should be noted that ~(x ,  t; B) = ~(Izl, t; ~) since the Green function turns out to be an even 
function of x. 
3. ANALYS IS  BY  THE LAPLACE TRANSFORM 
The two Green functions will be determined by using the technique of the Laplace trans- 
form. This technique allows us to obtain the transformed functions ~c(x, s;/3), ~8(z, s;/~), by 
solving ordinary differential equations of the 2 nd order in x, and then, by inversion, ~c(x, t;/~) 
and Gs(X, t; ~). 
For the Cauchy Problem, the application of the Laplace transform to (1.1) with (2.1), where 
g(x) = 8(x), leads to the following nonhomogeneous differential equation satisfied by the image 
of the Green function ~c(x, s; ~), 
s 23 {~c - ~i(x)s 2f~-1 = D d2~c (3.1) 
dx 2 • 
Because of the singular term 8(x), we have to consider the above equation separately in the two 
intervals x < 0 and x > 0, imposing the boundary conditions (2.2) at x = :F~ and the necessary 
matching conditions at x = 0 ~:. We obtain 
~c(x, s; t3) -- 1 e_(ixl/,/-5)s~" (3.2) 
2v~sl-~ 
For the Signalling Problem, the application of the Laplace transform to (1.1) with (2.3) leads to 
the following homogeneous differential equation 
d2~s 
s 2~ ~s - D ~ = 0. (3.3) 
Imposing the boundary conditions at x = 0 and x = +c¢ provided by (2.4) with h(t) = 6(t), we 
obtain 
~,(z,  s; ~) = e -(x/¢-6)8~, z > o. (3.4) 
From (3.2) and (3.4), we recognize 
d - 
g, = -2  f~ x ~,  z > o, (3.5) 
which implies for the original Green functions the following reciprocity relation: 
x~c(x,t;13) = tgs(X,t ;13) ,  x > 0. (3.6) 
zp  
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4. THE AUXIL IARY  FUNCTION 
We are going to show how the inversion of the Laplace transform in (3.2) or (3.4) leads us to 
the auxiliary .function of the similarity variable 
Ixl o </3 < 1. (4.1) 
z= v/-/~ t/3, 
According to the inversion formula applied to (3.2), 
Ix[ 1 / e~t_(l~l/v~)~a ds 
IxlGc(x,t;/3) = 2v~ 2ri aBr s l -a '  (4.2) 
where Br denotes the Bromwich path. Putting 0. = st and introducing the similarity variable z 
as in (4.1), we just obtain 
Z 
Ixl go(x, t;/3) = ~ M(z;/3), 1 /B ea-Zaa da M(z;/5) := ~/  r o .1_/3 , 0 < f~ < 1, (4.3) 
where M ( z; ~) is our auxiliary function. The above definition of M ( z; /3) ( Bromwich representa- 
tion) can be analytically continued from z > 0 to Vz E C, adopting suitable integral and series 
representations. For this purpose, let us deform the Bromwich path Br into the Hankel path Ha 
(a contour that begins at a = -co  - ia (a > 0), encircles the branch cut that lies along the 
negative real axis, and ends up at a = -co  + ib (b > 0)), which is equivalent to the original path 
(at least) for z > 0. We, therefore, obtain the Hankel representation 
1 /H ea-Za~ da M(z;/3) := ~ a 41_/3, 0 </3 < 1. (4.4) 
Writing 
2~ri M(z;/3) = e~ n=0 n! a/3n ~ = n=0~ (-1)nZnn! a e a a/3n+/3-1 da , (4.5) 
and using the Hankel representation f the reciprocal of the Gamma function, we obtain the 
following series representation 
M(z;/3) := Z (-1)nzn 
.=0 n! r [ - /3n  + (1 - /~) ] '  
0 </3 < 1. (4.6) 
Since the radius of convergence ofthe power series (4.6) can be proven to be infinite for 0 < ]~ < 1, 
our function turns out to be entire in z, and therefore, the exchange between the series and the 
integral in (4.5) is legitimate. Consequently, (4.4) and (4.6) provide the integral and series 
representations of M(z; ~), valid in the whole C, respectively. In the theory of special functions 
(see, e.g., [17]) we find an entire function of z, referred to as the Wright function, which reads 
(in our notation) 
z n 1 fH ea+Za-X da 
W(z; ,~, u) := ~., n! r(,~n + u) "- 27ri a---~' 
n--~O a 
(4.7) 
where A > -1,  # > 0. We thus recognize that 
M(z;/3) = W(-z ;  -/3, 1 - f~). (4.8) 
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We can prove that for/3 = 1/q, where q _> 2 is a positive integer, the auxiliary function can 
be expressed as a sum of (q - 1) simpler entire functions [16]. In the particular cases q = 2 
and q = 3, we find 
M z; = v~ Z( -1 )m 2 (2m)! =~ exp - , m~0 m 
(4.9) 
and 
(1 )  1 m~..0 (1) Z 3rn 
M z; - F(2/3) = 5 m (3m)! 
= 32/3 Ai (3-~/3), 
r(1/31 g (3m + 1)! 
m~0 m (4.10) 
where Ai denotes the Airy function. We thus recognize that for/3 = 1/2 the Gaussian auxiliary 
function of the classical diffusion equation is recovered. 
Furthermore, always for/3 = l/q, it can be proved [16] that our function satisfies the following 
differential equation of order q - 1 
dzq------T M z; + zM z; =0. (4.11) q 
We note that, for q > 4, equation (4.11) is akin to the hyper-Airy differential equation of order q-1  
(see [18]). Consequently, in view of the above considerations, the auxiliary function can be 
considered as a generalized hyper-Airy function. 
For the fractional diffusion-wave quation (1.1), only positive values of z are of interest. The 
asymptotic behaviour as z ~ +c¢ can be evaluated using the ordinary saddle point method 
which provides the dominant erm. Using as a variable z/13 rather than z, the computations are 
easier and yield, fi)r 0 </3 < 1, 
M (~ ;•)'-" V/27r (11 _/3) z (3 -1 /2 ) / (1 -O)exp[ -~ -zl/(1-3)] z --* +co. (4.12) 
The exponential decay for z --* 
consequently, using (4.4), that 
In fact, 
+oc proves that M(z;/3) is absolutely integrable in R + and 
~o +~ M(z;/~) = 1. (4.13) dz 
~0 /H [~0 +co I da  1 /H ea +oo 1 ea ---- - -da  = 1, M(z;/3) dz = ~ri a e -~z  dz ~ ~i  a a 
where the exchange between the two integrals turns out to be legitimate. 
(4.14) 
5. CONCLUDING REMARKS 
By performing relatively simple mathematical computations, we have been able to provide 
a reasonably self-contained treatment of the fundamental solutions for the evolution equation 
of fractional order, known as the fractional diffusion-wave equation. This equation is expected 
to govern generalized processes which interpolate or extrapolate the classical phenomenon of 
diffusion. The solutions have been shown to be expressed in terms of an auxiliary function of the 
similarity variable, and turn out to be essential in providing the evolution of any initial signal by 
a proper convolution. In particular, the transition from diffusion to wave can be outlined. 
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